Abstract: This paper studies the generalized spatial two stage least squares (GS2SLS) estimation of spatial autoregressive models with autoregressive disturbances when there are endogenous regressors with many valid instruments. Using many instruments may improve the efficiency of estimators asymptotically, but the bias might be large in finite samples, making the inference inaccurate. We consider the case that the number of instruments K increases with, but at a rate slower than, the sample size, and derive the approximate mean square errors (MSE) that account for the trade-offs between the bias and variance, for both the GS2SLS estimator and a bias-corrected GS2SLS estimator. A criterion function for the optimal K selection can be based on the approximate MSEs. Monte Carlo experiments are provided to show the performance of our procedure of choosing K.
Introduction
This paper considers the instrumental variable (IV) estimation of the spatial autoregressive (SAR) model with SAR disturbances (SARAR model) in the presence of endogenous regressors and many instruments. We study the case where the number of instruments increases with the sample size and derive asymptotic distributions of the generalized spatial two stage least squares (GS2SLS) estimator and a bias-corrected GS2SLS (CGS2SLS) estimator based on the leading-order many-instrument bias. Using many moments may improve the asymptotic efficiency but can make inference inaccurate in finite samples. [1] propose to minimize an approximate mean square error (MSE) as that of [2] for choosing the number of instruments in a cross section data model with endogenous regressors. The MSE takes into account an important bias term, so the method can avoid cases where asymptotic inferences are poor due to the bias being large relative to the standard deviation.
Ref [3] have derived the approximate MSEs of the two stage least squares (2SLS) and bias-corrected 2SLS (C2SLS) estimators for the SAR model with endogenous regressors and many instruments, but that SAR model has not included a SAR process in the disturbances. We extend the analysis to the SARAR model with endogenous regressors. The SARAR model combines spatial lag with spatial error dependence. The latter reflects spatial autocorrelation in measurement errors or in variables that are otherwise not crucial to the model [4, 5] . It has a broader application than the simpler SAR model. It has been applied to empirical studies, e.g., Case's work [6] [7] [8] [9] [10] . Due to the presence of the spatial error dependence in addition to the spatial lag dependence, we consider the GS2SLS estimation of the model as in [11] . (Ref [12] have extended the estimation method in [11] to the SARAR model with endogenous regressors. Our focus here is on choosing the number of instruments by minimizing the approximated MSEs.) The estimation has taken into account the spatial error structure, based on a transformed equation. Because the transformation uses an initial consistent estimator of the spatial error dependence parameter, the impact from this initial estimator creates extra complexity that should be investigated. The analytical difficulty lies in determining the leading order terms depending on the number of instruments due to the presence of the spatial error process, whose orders cannot be expressed using terms appeared only in a SAR model without SAR disturbances. The approximated MSEs of the GS2SLS and CGS2SLS estimators turn out to be more complicated than those of the corresponding 2SLS and C2SLS estimators for the SAR model but are still tractable for empirical use. For the GS2SLS, the expression for the approximate MSE is similar to that for the 2SLS in [3] , except for the presence of the filter for spatial error dependence in various matrices. If the formula for the approximate MSE in [3] is used for the SARAR models, then the derived number of instruments will not be asymptotically optimal. For the CGS2SLS estimator, however, except for the filter, the approximate MSE has additional terms compared with that for the C2SLS in [3] , which are generated from the asymptotic distributions of the first two stage estimators.
We consider the following SARAR model:
y n = λW n y n + Z 2n γ + u n , u n = ρM n u n + n
where n is the number of spatial units, y n is an n-dimensional vector of observations on the dependent variable, the n-dimensional vector of disturbances n = ( n1 , . . . , nn ) has i.i.d. elements with mean zero and variance σ 2 , and Z 2n is an n × m matrix of variables that are possibly correlated with n , W n and M n are n × n spatial weights matrices that can be equal or different from each other, scalars λ and ρ are spatial autoregressive parameters, and γ is a parameter vector for Z 2n . Let Z 2n =Z 2n + v n , wherē Z 2n = E(Z 2n ). TheZ 2n is assumed to be an unknown function of X n , which is an n × k x matrix of exogenous variables, and spatial lags of X n : W n X n , W 2 n X n , and so on. Model (1) can be an equation of the spatial simultaneous system as in [13] . In this case, y n is a vector of observations on one of, say, k y endogenous variables, and the equation for y n , similar to those for other endogenous variables, is y n = λW n y n + X 1n γ 1 + Y n γ 2 + u n , where X 1n is the included exogenous variable matrix, Y n is the endogenous variable matrix including all observations on the other (k y − 1) endogenous variables and γ 1 and γ 2 are parameter vectors, thenZ 2n = ∞ i=0 W i n X n Π i , where Π i 's are matrices of parameters. Alternatively, Z 2n or some elements of Z 2n may be generated by an unknown nonlinear model [14] , and thus we have an unknown nonlinear functional form for the conditional meanZ 2n [1] . For v n = (v n1 , . . . , v nn ) , we assume that v ni 's are i.i.d. with mean zero and E(v ni v ni ) = Σ v , v ni is independent of nj for j = i, but E(v ni ni ) = σ v . That is, v ni and ni are correlated except with the exogenous explanatory variables. The ith variable in Z 2n is exogenous if the ith element of σ v is zero. Let Z n = (W n y n , Z 2n ) and δ = (λ, γ ) , then y n = Z n δ + u n .
We are interested in the parameter δ. As in [11] , the final generalized estimator for δ is based on the Cochrane-Orcutt transformed equation:
where R n (ρ n ) = I n −ρ n M n withρ n being a consistent estimator of ρ. We consider the problem of choosing the number of instruments for R n (ρ n )Z n , which can be many due to the unknown functional form ofZ 2n for its endogenous components. To deriveρ n , we may first estimate the equation y n = Z n δ+ u n by the 2SLS with a fixed number of instruments to obtain an initial estimatorδ n of δ, and then estimate ρ with a fixed number of quadratic moment equations that have the form n (ρ,δ n )D nj n (ρ,δ n ) = 0, where the n × n matrix D nj has a zero trace, and n (ρ,δ n ) = R n (ρ)(y n − Z nδn ). (The equation n (ρ,δ n )D nj n (ρ,δ n ) = 0 is a valid moment equation since E( n D nj n ) = σ 2 tr(D nj ) = 0 and 1 n [ n (ρ 0 ,δ n )D nj n (ρ 0 ,δ n )− n D nj n ] = o P (1) under regularity conditions.) The estimation thus involves three stages and the derivation of approximated MSEs is more complicated due to the presence of many terms with different orders. In [11] , the asymptotic distribution of the third stage estimatorδ 2sls,n is not affected by the estimators in the first two stages as long asρ n is a consistent estimator of ρ. For the approximate MSE of our GS2SLS estimator in the third stage, one may expect that it involves the asymptotic distributions of the first two stage estimators, since we use higher-order asymptotic theory for IV. However, it turns out that the variance of the dominant component related to the first two stage estimators in the expression for the GS2SLS estimator has a smaller order compared with other terms because of the i.i.d. property of ni 's. As a result, the leading order component of the MSE does not depend on the asymptotic distributions of the first two stage estimators and the expression for the approximate MSE is similar to that in [3] except for the filter for spatial error dependence. However, for the CGS2SLS estimator, the expression for the approximate MSE is more complicated than that in [3] , because the term resulting from the estimation error of the leading order bias involves the asymptotic distributions of the first two stage estimators and an additional term appears due to the estimation of the spatial autoregressive parameter in the error process.
AsZ 2n is an unknown function of X n , W n X n , W 2 n X n , etc., we may assume an infinite series approximation forZ 2n and, in practice, use a known n × q matrix ψ q,n to approximateZ 2n , where ψ q,n depends on X n , W n X n and so on. To closely approximateZ 2n with a linear combination of ψ q,n , we may need a large column number q as well as appropriate form of ψ q,n . The instruments for W n y n can be based on ψ q,n . Denote the true parameters for δ and ρ by δ 0 and ρ 0 respectively. As model (1) represents an equilibrium model, (I n − λ 0 W n ) can be assumed to be invertible, where I n is the n × n identity matrix. (The SAR model is known as a simultaneous equation model in the spatial literature because the outcomes are determined by the interactions of spatial units. By assuming (I n − λ 0 W n ) to be invertible, we have the equilibrium vector y n .) Then, if ||λ 0 W n || < 1 for some matrix norm || · ||, the equilibrium vector y n = (
. Therefore, the instruments for W n y n can be W n ψ q,n , W 2 n ψ q,n and so on, and the instruments for Z n can be taken as the n × K matrix
where K = (p + 1)q ≥ m + 1. As an extension, we use the instrument matrix
for Z n (ρ n ) = (I n −ρ n M n )Z n . (Due to technical difficulties in the presence of many IVs that involve estimated parameters in the literature, we do not use (I n −ρ n M n )F K,n as the instrument matrix for Z n (ρ n ) (see [15] ). If W n = M n , then M n F K,n generates some identical IVs as those in F K,n . In this case, we can simply take
.) The asymptotic variance of the 2SLS estimator decreases when a linear combination of IVs approximates the conditional mean of the endogenous variables more closely. The efficiency (lower bound) of IV estimators is achieved when a linear combination of IVs equals the conditional mean [16] . Under regularity conditions, a linear combination of [I n , W n , W 2 n , . . . , W p n ] can approximate (I n − ρW n ) −1 arbitrarily well as p → ∞. Thus, if a linear combination of ψ q,n can approximateZ 2n well as n, q → ∞, a linear combination of Q K,n can approximate Z n (ρ n ) arbitrarily well in probability as n, p, q → ∞. On the other hand, if the number of instruments increases too fast relative to the sample size, they will lead to a bias of certain order for the corresponding IV estimators. The tradeoff between variance and bias can be summarized by the MSE of the estimator. So, minimizing the (approximated) MSE can reduce inaccurate inference due to the presence of many instruments.
Following [1] , we consider the case that the number of instruments K increases with, but at a rate slower than, the sample size n, which facilitates the investigation of the high order asymptotics of the MSEs. The rest of the paper is organized as follows. Section 2 establishes asymptotic properties of the GS2SLS and CGS2SLS estimators. Section 3 derives the approximated MSEs for the estimators and gives a criterion function to choose the optimal number of IVs using the approximated MSEs. Section 4 presents some Monte Carlo results on the performance of the instrumental variable selection procedure in finite samples. Section 5 concludes. A list of notations, lemmas and proofs are collected in the appendices.
Properties of the GS2SLS and CGS2SLS Estimators
We establish the properties of the GS2SLS and CGS2SLS estimators in this section. Let R n (ρ) = I n − ρM n , G n (λ) = W n (I n − λW n ), Z n =Z n + ζ n withZ n = E(Z n ), and ||A|| = tr(A A) be the Frobenius matrix norm for a matrix A. UB stands for boundedness of the sequences of both row and column sum matrix norms for a sequence of matrices. For simplicity, denote y n (ρ) = R n (ρ)y n ,
The following are some basic regularity conditions.
and E ||v ni ni || 2 are finite, where τ is some positive constant.
n } are UB; (ii) W n and M n have zero diagonals.
Since we use quadratic moments to estimate ρ in model (1), the existence of a moment of ni higher than the fourth order is required to properly apply the central limit theorem for linear-quadratic forms of disturbances in [17] . Some moment conditions are also imposed on v ni and v ni ni in Assumption 1. Assumption 2 (i), originated in [11, 18] , is a condition that bounds the degree of spatial dependence; Assumption 2 (ii) implies that no spatial unit is viewed as its own neighbor.
Let F 0,n be a full rank n × k f instrument matrix for Z n in the first stage of the GS2SLS estimation. The number k f of IVs is at least as large as the number (m + 1) of columns of Z n , but is fixed for all n. Denote P Fn = F 0,n (F 0,n F 0,n ) − F 0,n , where A − is a generalized inverse for the matrix A. The first stage 2SLS estimator for δ isδ n = (Z n P Fn Z n ) −1 Z n P Fn y n . The following assumption about F 0,n is maintained.
Assumption 3. The instrument matrix F 0,n has full column rank k f ≥ m+1 for all n, lim n→∞ 1 n F 0,n F 0,n is finite and nonsingular, and lim n→∞ 1 n F 0,nZ n is finite and has full column rank, whereZ 2n inZ n has uniformly bounded elements.
In the second stage of the GS2SLS estimation, we use a fixed number, say k d , of quadratic moments to estimate ρ in model (1) 
n (ρ,δ n ) = R n (ρ)(y n − Z nδn ) and n × n matrices D nj 's have zero traces. The D nj 's can be, e.g., M n and M 2 n − I n tr(M 2 n )/n. We maintain the following regularity condition on D nj .
Assumption 4. The sequences of matrices {D nj }, j = 1, . . . , k d , have zero traces and are UB.
Consider a generalized moments estimatorρ n of ρ, which is
for some a ≥ 1 so that [−a, a] contains ρ 0 . It can be shown that g n (ρ,δ n )g n (ρ,δ n ) − E g n (ρ, δ 0 ) E g n (ρ, δ 0 ) converges to zero in probability uniformly over [−a, a] . For the identification of ρ 0 , it requires E g n (ρ, δ 0 ) E g n (ρ, δ 0 ) to be zero uniquely at ρ 0 . Let A s = A + A for any square matrix
, where
The smallest eigenvalue of Ξ n Ξ n is bounded away from zero.
Assumption 5 is satisfied if the limit of the 2 × 2 matrix Ξ n Ξ n exists and is nonsingular. With Assumption 5, there exists some η > 0 such that E g n (ρ, δ 0 ) E g n (ρ, δ 0 ) > η for any ρ = ρ 0 . Thus for any ρ = ρ 0 , g n (ρ,δ n )g n (ρ,δ n ) > η/2 with probability approaching 1 as n → ∞.
Proposition 2. Under Assumptions 1-5,ρ n is a consistent estimator of ρ 0 , and
is asymptotically normal with a finite variance, where
and
In the expression for √ n(ρ n − ρ 0 ) above, the term 1 √ n F n n with the order O P (1) is due to the usage of the first stage estimatorδ n . That is to say that the asymptotic distribution ofδ n has implication on the asymptotic distribution ofρ n .
We now consider the GS2SLS estimator using the transformed Equation (2) . With the instrument matrix Q K,n in Equation (4), the GS2SLS estimator of δ iŝ
where
, is a finite nonsingular (m+1)×(m+ 1) matrix; (ii) for each Q K,n in Equation (4), there exists π K,n such that
Assumption 6 (i) gives a sufficient condition for the identification of δ 0 in Equation (2); Assumption 6 (ii) requiresZ n (ρ) to be approximated arbitrarily well by a linear combination of Q K,n for large enough K and n, which is implied by Lemma 1 in Section B under some other basic assumptions. For analytical tractability, we maintain the following assumption.
Assumption 7. The elements of Q K,n in Equation (4) are uniformly bounded constants, and lim n→∞ 1 n Q K,n Q K,n exists and is nonsingular for each K.
The GS2SLS estimatorδ 2sls,n is characterized by the first order condition
By a Taylor expansion of this condition at δ 0 , the first term is 1 n Z n (ρ n )P K,n u n (ρ n ), which has the dominant component 
with
Thus when K/n → c = 0, the GS2SLS estimatorδ 2sls,n is generally inconsistent. When K/n → 0, δ 2sls,n is consistent, but if the number of instruments K grows somehow fast relative to the sample size n, the asymptotic distribution may not center at the true δ 0 . The following proposition provides more information on this issue. 
might converge to a nonzero constant;
From the above proposition, when K/n → 0,δ 2sls,n is consistent of δ 0 , but whether its asymptotic distribution is centered at δ 0 or not depends on the ratio K/ √ n as
The following corollary shows various scenarios.
When K 2 /n → 0, the number of instruments K increases slow relative to the sample size n and the asymptotic variance matrix σ 2 H −1 achieves the efficiency lower bound for the class of IV estimators. When K 2 /n goes to a non-zero limit as n goes to infinity, √ n(δ 2sls,n − δ 0 ) is centered at lim n→∞ √ nb nK,2 , which might be a non-zero finite constant and is a many instrument bias. Due to the spatial error dependence, the matrices Γ nK,1 , Γ nK,2 and Γ nK,3 in Equation (10) of the bias component in Equation (9) play important roles. Without spatial error dependence, these matrices reduce to P K,n and P K,n G n . Although the GS2SLS estimation is based on the spatial Cochrane-Orcutt transformed model (2), the asymptotic distribution of the estimatorρ n in the transformation does not affect the asymptotic distribution ofδ 2sls,n , as usual for the GS2SLS estimation.
To correct the many instrument bias, we consider a bias corrected estimator based on the estimation of the leading order bias b n,K in Equation (12) . Let Q 0,n be an instrument matrix with a fixed number of instruments and
Assumption 8. The instrument matrix Q 0,n has full column rank k q ≥ m+1 for all n, lim n→∞ 1 n Q 0,n Q 0,n is finite and nonsingular, and lim n→∞ 1 n Q 0,nZ n (ρ 0 ) is finite and has full column rank.
andρ n together can be used to estimate b n,K . LetΓ
whereb
Note that the asymptotic distribution ofδ c2sls,n in Equation (14) when K/n → 0 is the same as that of δ 2sls,n in Equation (8) when K 2 /n → 0. So the bias correction procedure has effectively relaxed some requirement on K in order for the corrected estimator to have a properly centered asymptotic distribution. The asymptotic distributions of the initial estimatorsδ n in Equation (13) andρ n in Proposition 2 used for the bias correction do not enter into the asymptotic distribution ofδ c2sls,n , when only the first order asymptotic expansion is considered. But when we investigate the approximated MSE ofδ c2sls,n later, as high order asymptotic expansions are considered, the asymptotic distributions of the estimatorsδ n and ρ n used for the bias correction will generate additional terms for the approximated MSE.
Approximated MSE and Optimal K
For an estimatorδ n satisfying √ n(δ n − δ 0 ) =Ĥ −1 nĥ n , [1] have derived a lemma that gives conditions on the decompositions ofĤ n andĥ n such that the leading order term of the MSE depending on K is S n (K), in the sense that
, and T n (K) andr n (K) are remainder terms that diminish faster than S n (K), such that [r n (K) + T n (K)]/ tr(S n (K)) = o P (1) as K, n → ∞. A criterion function for the optimal K can be S n,ξ (K) = ξ S n (K)ξ, the leading order MSE depending on K for a linear combination ξ δ n . In particular, one may use the unweighted version tr(S n (K)) as a practical criterion. LetŜ n (K) be an estimator of S n (K), then K can be chosen by minimizing the function
In this section, we first derive the expression for S n (K) for both the GS2SLS and CGS2SLS estimators and then show that the chosen K by minimizingŜ n,ξ (K) is asymptotically optimal in a sense in Equation (20) originated in [1] . Intuitively, this indicates that the error in the use of the feasiblê S n,ξ (K) criterion in place of the actual ideal S n,ξ (K) is asymptotically negligible.
Assumption 9 (i) is for analytical tractability; Assumption 9 (ii) simplifies the expression for S n (K) by imposing a restriction on the rate at which K increases with n; Assumption 9 (iii) is also a condition that simplifies S n (K). These simplifications are adopted in [1, 3] . (Without Assumption 9 (iii), S n (K) for the GS2SLS will have an additional term
n , and S n (K) for the CGS2SLS has an additional term that is much more complicated due to the estimator of ρ in the second stage of the GS2LS estimation and its use to correct the many instrument bias. Without Assumption 9 (ii), S n (K) for the GS2SLS is not affected, but S n (K) for the CGS2SLS has an additional term. Those additional terms can be estimated along with other terms, but they are not included here for simplicity.)
estimatorδ 2sls,n is satisfied with
Note that S n (K) above has a similar form as that in [3] except for the transformation R n involved due to the spatial error dependence. The S n (K) has a similar interpretation as that in [3] :
n is a variance term, which becomes smaller as a linear combination of Q K,n approximates the mean ofZ n (ρ 0 ) better;
n is the leading order term in the MSE of
n ζ n R n P K,n n with the dominant component being from its expectation, which stands for the many instrument bias and increases as K increases. The minimization of a criterion function ξ S n (K)ξ thus takes into account the trade-off between the bias and variance.
Proposition 6. Under Assumptions 1-9, if K/n → 0 and σ v = 0, then Equation (15) for the CGS2SLS estimatorδ c2sls,n is satisfied with
where Π n1 (K), Π n2 (K) and Π n3 (K) are given in Equations (21), (22) and (25) respectively.
The first term in Equation (17) is the same as that in Equation (16) . The second term
n is the leading order term in the variance of
n is due to the estimation error of the lead order bias of the GS2SLS estimator. This term becomes much more complicated than that for the SAR model because of the spatial error dependence. The last term
n is an additional term compared with S n (K) in [3] , which is due to the estimation of ρ. (Thus, the F n in Π n2 (K) is fromρ n used for the bias correction, and the F n in Π n3 (K) is fromρ n in the spatial Cochrane-Orcutt transformation of the GS2SLS estimation.) The S n (K) is a sum of different variance terms, because the bias terms have smaller orders compared with the variance terms.
We now consider the estimation of S n,ξ (K) = ξ S n (K)ξ. Estimators for the parameters in S n,ξ (K) can be constructed using a GS2SLS estimator. For the GS2SLS estimator, let the first stage IV matrix be FK ,n withK instruments, the matrices for the quadratic moments in the second stage be D n1 , . . . , D n,k d , and the last stage IV matrix be QK ,n = [FK ,n , M n FK ,n ]. (TheK needs to increase with n so that the estimators for σ v , Σ v andH defined below are consistent.) Then the first stage estimator for δ iṡ
, and the last stage estimator for δ iŝ
andρ n being the estimator for ρ in the second stage. Let the estimators for σ 2 , σ v and Σ v be, respectively,
can be derived by replacing the parameters with their respective estimators. An estimator for
where Ω n1 (K) is in Equation (11), thus
for Ω n1 (K), derived by replacing the parameters in Ω n1 (K) by their estimators. Hence, for the GS2SLS, S n,ξ (K) = ξ S n (K)ξ can be estimated, up to an additive constant not depending on K, bŷ
Similarly, for the CGS2SLS, S n,ξ (K) can be estimated, up to an additive constant not depending on K, bŷ
The optimal choice of K is the minimizerK ofŜ n,ξ (K). TheK is optimal in the sense that S n,ξ (K) is asymptotically as small as min K S n,ξ (K), i.e.,
Assumption 11. For both the GS2SLS and CGS2SLS,
We assume the √ n-consistency ofρ n and consistency of other preliminary estimators in Assumption 10 (i). Assumption 10 (ii) and Assumption 11 are similar to those in [3] . For the GS2SLS, from the proof of Proposition 5, the trace of the positive semi-definite matrix S n (K) has exactly the same order as (
S n,ξ (K) for the GS2SLS to have exactly the same order as (K 2 /n + ∆ nK,1 ). A similar condition on S n,ξ (K) for the CGS2SLS is imposed. Assumption 11 imposes a restriction on the set of possible K.
Proposition 7. Under Assumptions 1-11, forK = arg min KŜn,ξ (K), Equation (20) is satisfied for both the GS2SLS and CGS2SLS.
Monte Carlo Study
We demonstrate the finite sample performance of our instrument selection procedure with Monte Carlo experiments. Except for the additional spatial error dependence, most parts of the experimental design follow [3] . The model considered is
with mean zero, ni and v ni both have unit variance, and the correlation coefficient between ni and v ni is σ v , which will be varied by design. In the experiments, γ 0 = 1, λ 0 = 0.6, and ρ 0 = 0.1 or 0.5. Elements of the n ×q matrix X n are random samples from the standard normal distribution. The specification implies a theoretical first stage coefficient of determination R 2 f = β 0 β 0 /(β 0 β 0 + 1) (with the spatial dependence being ignored), according to [19] . Theq will be designed later on.
As in [3] , we consider two models with different specifications of β 0 . In Model 1, the coefficients are decreasing, i.e., the jth element of β 0 is
where c(q) is chosen such that R 2 f is equal to some specified value in the experiments; in Model 2, the coefficients are all equal, i.e.,
, for j = 1, . . . ,q
These two specifications stand for, respectively, the case that some instruments are more important than others and the other case that no instrument should be preferred over others [1] . In the experiments, R 2 f is equal to 0.02 or 0.1, σ v is equal to 0.1, 0.5 or 0.9, and n = 98 or 490. The W n is a block diagonal matrix with each block in the diagonal being the row normalized matrix used for the study of crimes across 49 districts in Columbus, OH in [20] . The spatial weights matrix M n in the error process is set to be the same as the spatial weights matrix W n . The number of Monte Carlo repetitions is 2000. Let X q n be a matrix consisting of the first q columns of X n , and
, for p = 1, 2, . . . ,p and q = 1, 2, . . . ,q. For n = 98, we setp = 4 andq = 5; for n = 490, we setp = 10 and q = 10. The following estimators are considered:
(i) GS2SLS-min: the GS2SLS with Q 1,1 (as the instrument matrix in the third stage); (ii) GS2SLS-max: the GS2SLS with Qp ,q ; (iii) GS2SLS-op: the GS2SLS with Q p,q , where (p, q) minimizesŜ n,ξ (K) in Equation (18) with ξ = (1, 1) ; (iv) CGS2SLS-max: the CGS2SLS with Qp ,q ; (v) CGS2SLS-op: the CGS2SLS with Q p,q , where (p, q) minimizesŜ n,ξ (K) in Equation (19) with ξ = (1, 1) .
The leading order bias for the CGS2SLS and the approximated MSEs are estimated using the GS2SLS with Q 2,q as the instrument matrix in the third stage. For all the GS2SLS and CGS2SLS estimators considered, the instrument matrix used in the first stage is Q 2,q , and the matrices used for the quadratic moments in the second stage are W n and W 2 n − I n tr(W 2 n )/n. (Asq is relatively large compared with the sample size, for the first stage estimator of the GS2SLS estimation and the estimator for the bias correction, we use p = 2 as suggested by [11] .)
For each estimator, the following robust measures of central tendency and dispersion are reported: (There are some outliers in the GS2SLS and CGS2SLS estimates, thus the mean and variance of the estimators are not reported.) the median bias (MB), the median of the absolute deviations (MAD), the difference between the 0.1 and 0.9 quantiles (DQ) in the empirical distribution, and the coverage rate (CR) of a nominal 95% confidence interval.
The summary statistics of the estimators for Model 1 are reported in Tables 1-4 . We first compare GS2SLS-min, GS2SLS-max and GS2SLS-op. The GS2SLS-max has the largest median bias in most cases, and the GS2SLS-op has the smallest median bias for half of the cases when n = 98 but it has the intermediate medium bias when n = 490. The GS2SLS-max has the smallest MAD and DQ in all cases, the GS2SLS-op of λ 0 has the intermediate MAD and DQ, and GS2SLS-op of γ 0 has the intermediate MAD and DQ when R 2 f = 0.02 but largest MAD and DQ when R 2 f = 0.1. The CR of GS2SLS-op is closest to the nominal level in most cases, while the CR of GS2SLS-max is significantly lower than the nominal level in many cases. The CGS2SLS-max generally reduces the bias of GS2SLS-max significantly, has similar magnitudes of MAD and DQ to those of GS2SLS-max, and has a CR closer to the nominal level compared with GS2SLS-max but still significantly lower than the nominal level in many cases. Compared with the GS2SLS-op, in most cases, the CGS2SLS-op has much larger MAD and DQ, similar CR, and has smaller median bias for λ 0 but larger median bias for γ 0 . Tables 5-8 report the summary statistics of the estimators for Model 2. Among GS2SLS-min, GS2SLS-max and GS2SLS-op, in most cases, the GS2SLS-max has the largest median bias, the GS2SLS-op of λ 0 has the smallest median bias, and the GS2SLS-op of γ 0 has the intermediate median bias. The GS2SLS-max has the smallest MAD and DQ, and the GS2SLS-op has the intermediate MAD and DQ. The CR of GS2SLS-op is closest to the nominal level, while the CR of GS2SLS-max is significantly lower than the nominal level in many cases. The performance of CGS2SLS-max for Model 2 is similar to that for Model 1. Compared with the GS2SLS-op, the CGS2SLS-op has much larger MAD and DQ in most cases, similar CR, and has smaller median bias in more than half of the cases when ρ 0 = 0.5 but larger median bias in most cases when ρ 0 = 0.1. From the Monte Carlo results of both models, we can see that the proposed CGS2SLS estimator can effectively reduce the many instrument bias, and the estimators derived by choosing the number of instruments to minimize their respective approximated MSEs, GS2SLS-op and CGS2SLS-op, have coverage rates closer to the nominal level than the estimators using very few or many instruments, i.e., GS2SLS-op and CGS2SLS-op can make inference more reliable. Between GS2SLS-op and CGS2SLS-op, no one is always better than the other in terms of central tendency or coverage rate, but the GS2SLS-op has much smaller dispersion in most cases.
The summary statistics of the estimated p and q are presented in Tables 9 and 10 . Consistent with [3] , in most cases for both models, only the first spatial lag (p = 1) is used. For Model 1, in most cases,q is 1 or 2 with n = 98, and is larger with n = 490 but is smaller than the maximum number of instruments q = 10. For Model 2,q tends to be larger, which might be due to the fact that the variables in X n of Model 2 are equally important but the importance of the variables in X n of Model 1 is in decreasing order. For both models,q tends to be larger with a larger R 2 f . Table 9 . The Distributions ofp andq in Model 1.
GS2SLS CGS2SLŜ
pqpq MO LQ ME UQ MO LQ ME UQ MO LQ ME UQ MO LQ ME UQ 
Conclusions
In this paper, we derive an approximated MSE of the GS2SLS estimator and a bias corrected GS2SLS (CGS2SLS) estimator for the SARAR model in the presence of endogenous variables and many instruments. We propose a instrument selection procedure by minimizing the approximated MSEs. Our Monte Carlo experiments show that the CGS2SLS can effectively correct the many instrument bias and the instrument selection procedure generally makes inference in finite samples more accurate.
A. Notations
A s = A + A for a square matrix A. ||A|| = tr(A A) is the Frobenius matrix norm for a matrix A. vec D (A) is a column vector whose elements are the diagonal elements of a square matrix A. R n = R n (ρ 0 ) and G n = G n (λ 0 ), where R n (ρ) = I n − ρM n and G n (λ) = W n (I n − λW n ) −1 .
For the GS2SLS,
For the CGS2SLS,
where Π n1 (K) is a symmetric matrix equal to
with the (2, 2)th block being
andF n is an estimator of F n in (7) derived by replacingZ n by Z n and true parameters by their estimators. An estimation for Π n2 (K) isΠ
whereΠ n2,1 (K),Π n2,2 (K) andΩ n1 (K) are derived respectively from Π n2,1 (K), Π n2,2 (K) and Ω n1 (K) by replacing V jn 's byV jn 's and the rest of involved parameters by their respective estimators.
An estimator for Π n3 (K) iŝ
whereÊ(ζ n R n P K,n M n u n ) andÊ(ζ n M n P K,n n ) are derived by replacing the parameters in, respectively, E(ζ n R n P K,n M n u n ) and E(ζ n M n P K,n n ) by their estimators.
B. Lemmas
The following lemma gives sufficient conditions under whichZ n (ρ) can be approximated arbitrarily well by a linear combination of Q K,n as n, K → ∞. When the approximation ofZ n (ρ) becomes better as the number of instruments K increases, the variance part of the MSE becomes smaller. Lemma 1. Suppose that sup n ||λ 0 W n || ∞ < 1, elements of ψ q,n are uniformly bounded constants, and there exists π
which implies that
Proof. (i) is Lemma 2.1 in [3] . The argument is as follows. Let
2 , the result follows.
(ii) Let R n (ρ)R n (ρ) = R 1n (ρ)R 2n (ρ)R 1n (ρ) be an eigenvalue-eigenvector decomposition, where R 2n (ρ) is a diagonal matrix whose diagonal elements are the eigenvalues of R n (ρ)R n (ρ) and R 1n (ρ) is an orthonormal matrix whose columns are eigenvectors of R n (ρ)R n (ρ). Then,
where r n,max is the largest eigenvalue of R n (ρ)R n (ρ). By the spectral radius theorem,
for some c > 0 and all n. Thus (ii) holds.
The following lemma, Lemma A.1 in [1] , gives conditions on the decomposition of an estimator, such that the dominant component of the MSE depending on the number of instruments can be derived.
Lemma 2. For an estimator given by
nĥ n , suppose that there is a decomposition,
Then (15) is satisfied.
Lemma 3. Let A n = [a n,ij ] and B n = [b n,ij ] be n × n matrices, then
Proof. For (i)-(iii), we only prove (i), as the other two follow similarly; for (iv)-(vii), we only prove (iv) for the same reason.
j =i a n,ij ni v nj . As E( ni v ni ) = σ v and E( ni v nj ) = 0 for i = j, the result follows. For (iv),
where E(v ni v ns nj nr ) = 0 in one of the following situations: i = j = r = s; i = j and r = s, but i = r; i = r and j = s, but i = j; i = s and j = r, but i = j. Then
Lemma 4. Suppose that n × n matrices {A n } and {B n } are UB,
Proof. (i) and (ii) are Lemma B.2 in [21] ; (iii) By the Cauchy-Schwarz inequality,
where tr(C n C n ) = tr(P K,n A n A n ) and tr(D n D n ) = tr(P K,n B n B n ), thus the results follow by (ii).
Lemma 5. Suppose that {A n } and {B n } are n × n matrices that are UB and C n = A n P K,n B n , then
, and
Proof. All the results follow by Chebyshev's inequality and Lemmas 3-4. We only prove the last result in (iii). Let e i be the ith column of the m×m identity matrix. Then the variance of the (i, j)th element of
by Lemmas 3-4. Thus, the (i, j)th element of
The result follows as i and j are arbitrary.
Lemma 6. Suppose that {A n } is a sequence of n×n matrices that are bounded in the column sum matrix norm, the elements of the n × k matrix C n are uniformly bounded, and ni 's in n = ( n1 , . . . , nn ) are i.i.d. with zero mean and finite variance σ 2 . Then 1 √ n C n A n n = O P (1). Furthermore, if the limit of 1 n C n A n A n C n exists and is positive definite, then
Proof. See [22] .
The following two lemmas show the orders of relevant terms in deriving the decompositions for the GS2SLS and CGS2SLS estimators.
Lemma 7. Suppose that n × n matrices {A n } are UB, then
and K∆ nK,2 /n = o(K 2 /n + ∆ nK,2 ).
Proof. (i) By Assumption 6, there exists π K,n such that
holds by an argument similar to that for (i).
(iii) By the Cauchy-Schwarz inequality,
where e i denotes the ith column of the (m + 1) × (m + 1) identity matrix. Thus the first result follows. The second result in (iii) follows by
(iv) By Chebyshev's inequality,
for some η > 0. Let A n A n = A 1n A 2n A 1n , where A 1n is an orthonormal matrix whose columns are A n A n 's eigenvectors and A 2n is a diagonal matrix with the diagonal elements being A n A n 's eigenvalues. Then
where ι n is the largest eigenvalue of A n A n and the last inequality follows by the spectral radius theorem. Thus
nK,1 ) and
nK,1 ). Other results follow similarly.
(v) Use the expression A n A n = A 1n A 2n A 1n as in the proof of (iv), then
(vi) The first two results are Lemma A.3 (vi) in [1] . For the third result, either ∆ nK,1 = 0, in which case Lemma 8. With ∆ nK,1 and ∆ nK,2 defined, respectively, in Lemma 7 (i) and (ii),
nK,2 ) and
Proof. (i) Because Z n =Z n + ζ n , we have the decomposition that 
(ii) and (iii) follow similarly to (i).
(iv) Because Z n =Z n + ζ n , we have The following lemma shows the orders of some expectation terms, which are helpful in determining the approximated MSEs of the GS2SLS and CGS2SLS estimators.
is UB, where D n and F n are given in Proposition 2.
(ii) Let the elements of n × n matrices {A n } be uniformly bounded, then elements of E( n n A n v n ) and E( n n A n n ) are uniformly bounded. (iii) Let the elements of n × m matrices {B n } be uniformly bounded, where m is a finite fixed number, then E( n n B n v n ) is UB. (iv) Let the elements of n-dimensional vectors {C n } be uniformly bounded, then E( n n C n n ) is UB.
and the (i, j)th element for i = j is σ 4 (d n,ij + d n,ji ). Since D n is UB and elements of F n are uniformly
(ii) Let A n = [a n,ij ], then the ith row of E( n n A n v n ) is n r=1 n s=1 a n,rs E( ni nr v ns ) = a n,ii E( 2 ni v ni ). Thus elements of E( n n A n v n ) are uniformly bounded. Similarly, elements of E( n n A n n ) are uniformly bounded.
(
, which is equal to b ni E( 2 ni v ni ) when i = j and 0 otherwise. Thus E( n n B n v n ) is UB. (iv) follows similarly to (iii).
Lemma 10. The sequence of matrices {(I n − λW n ) −1 } is UB in a neighborhood of λ 0 and {R −1 n (ρ)} is UB in a neighborhood of ρ 0 .
The following lemma shows the dominant components of estimation errors for parameters of the model or for Υ n (K) in (9) , which help to derive the approximated MSE of the CGS2SLS estimator.
Note that
By Lemma 6,
By Lemmas 5 and 6, (a)
The result follows as
(iii) Note that
then by an argument similar to that for (ii),
The result follows by using the expressions for √ n(δ n − δ 0 ) and √ n(ρ n − ρ 0 ). (iv) By the mean value theorem,
whereσ v is betweenσ v and σ v ,σ 2 is betweenσ 2 and σ 2 ,γ n is betweenγ n and γ 0 ,R n = R n (ρ n ) withρ n being between ρ 0 andρ n , andG n = G n (λ n ) withλ n being between λ 0 andλ n . Let tr(P K,nÄn ) stand for a trace term that appeared in the above equation and tr(P K,n A n ) be the term evaluated at the true δ 0 and ρ 0 . Using the mean value theorem once again, then 1 n [tr(P K,nÄn )−tr(P K,n A n )] = o P (K/n) by Lemmas 10 and 4. Thus by (ii), (iii) and Propositions 1 and 2,
The following lemma, Lemma A.9 in [1] , gives a sufficient condition that the chosen K by the minimization ofŜ n,ξ (K), sayK, is asymptotically optimal.
The following is a central limit theorem for linear-quadratic forms of disturbances from [17] .
Lemma 13. Suppose that {A n = [a n,ij ]} is a sequence of symmetric n × n matrices that are UB,
are mutually independent, with mean zero, variance σ 2 ni and finite moment of order higher than four such that E(| ni | 4+η 2 ) for some η 2 > 0 are uniformly bounded for all n and i. Let σ 2 Qn be the variance of Q n where
C. Proofs
Proof of Proposition 1.
by Slutsky's lemma.
Proof of Proposition 2. The consistency ofρ n follows from the uniform convergence that
and the identification uniqueness condition ( [23] [Theorem 3.4]).
To prove the uniform convergence, we first show that g n (ρ,
by Lemmas 5 and 6. Then
We now show that the identification uniqueness condition holds. Note that E g n (ρ, δ 0 ) =
. Let τ n1 and τ n2 be the eigenvalues of Ξ n Ξ n . Write Ξ n Ξ n = Ξ 1n Ξ 2n Ξ 1n , where Ξ 2n is a 2 × 2 diagonal matrix with diagonal elements τ n1 and τ n2 , and Ξ 2n is an orthonormal matrix containing the eigenvectors of Ξ n Ξ n . By Assumption 5, there exists some constant η > 0 such that τ n1 > η and
for any ρ = ρ 0 . Thus the identification uniqueness condition holds. The consistency ofρ n follows from the uniform convergence and identification uniqueness. For the asymptotic distribution, by the mean value theorem, we have
whereρ n is betweenρ n and ρ 0 . Then
The ith element of
, which can be expanded by using y n − Z nδn = u n + Z n (δ 0 −δ n ) and n (ρ n ,δ n ) = [R n + (ρ 0 −ρ n )M n ][u n + Z n (δ 0 −δ n )]. By Lemmas 5 and 6, the terms involving (δ 0 −δ n ) or (ρ 0 −ρ n ) are O P (n −1/2 ). Therefore, For √ ng n (ρ 0 ,δ n ), the ith element is
By Lemmas 5 and 6,
Then the ith element of √ ng n (ρ 0 ,δ n ) is A ni + O P (n −1/2 ), where
where D n and F n are in, respectively, (6) and (7) . Note that tr(D n ) = 0, then √ n(ρ n − ρ 0 ) is asymptotically normal with a finite variance by Lemma 13.
Proof of Proposition 3. The GS2SLS estimatorδ 2sls,n satisfies √ n(δ 2sls,n − δ 0 − b n,K ) = [ 1 n Z n (ρ n )P K,n Z n (ρ n )] −1 1 √ n [Z n (ρ n )P K,n R n (ρ n )u n − E(ζ n R n P K,n n )]
where E(ζ n R n P K,n n ) = [tr(Γ nK,2 )σ v γ 0 + σ 2 tr(Γ nK,3 ), tr(Γ nK,1 )σ v ] = O(K)
by Lemma 4. Write Z n (ρ n ) = Z n (ρ 0 ) + (ρ 0 −ρ n )M n Z n , then 1 n Z n (ρ n )P K,n Z n (ρ n ) = 1 n Z n (ρ 0 )P K,n Z n (ρ 0 ) + 1 n [Z n M n P K,n Z n (ρ 0 )] s (ρ 0 −ρ n ) + 1 n Z n M n P K,n M n Z n (ρ 0 −ρ n ) 
+ o P (Kn −3/2 + n −1/2 ∆ nK,1 ) + O P ( ∆ nK,2 /n)
it follows that 1 n
. Forĥ n , we havê Z n M n P K,n n = 1 nZ n M n P K,n n + O P (K/n) = O P (n −1/2 ),
1 n Z n (ρ 0 )P K,n M n u n = 1 nZ n (ρ 0 )M n u n + o P (ρ K,n ), and (d) n −3/2 Z n M n P K,n M n u n = o P (ρ K,n ).
Thus,ĥ n = h n + T 
and T h 4n = −n −3/2 ( n D n n + F n n )Z n M n P K,n n = O P (1/ √ n)
Corresponding to the terms of the decomposition in Lemma 2, we have Z ζ n R n P K,n n , then under the assumption that µ 3 = E( n (ρ 0 )P K,nZn (ρ 0 ) + 1 n E(ζ n R n P K,n n n P K,n R n ζ n )
Forĥ n , we havê
[ζ n R n P K,n n − E(ζ n R n P K,n n )] = O P ( K/n) by Lemma 8 (viii). By Lemma 11 (iv),
where a 1 and a 2 are defined in Lemma 11 (iv). By Lemma 8 (v)-(viii), 1 n Z n M n P K,n n = 1 nZ n M n P K,n n + 1 n E(ζ n M n P K,n n ) + o P (ρ K,n ), 1 n Z n (ρ 0 )P K,n M n u n = 1 nZ n (ρ 0 )M n u n + 1 n E(ζ n R n P K,n M n u n ) + o P (ρ K,n ) and 1 n 3/2 Z n M n P K,n M n u n = o P (ρ K,n ). Therefore, 
For the decomposition in Lemma 2, take Z n 2Z n (ρ 0 )F n [E(ζ n M n P K,n n ) + E(ζ n R n P K,n M n u n )]
where Π n2,1 (K) and Π n2,2 (K) are given in (23) and (24) 
